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Non-Pert urbative Quantum Invariants: 

Let p > 5 be a prime, primitive p-th. root of unity. 

Cp semisimple category over Z[Cp] given by 
even {SO{3)) part of [7^^(3/2) — mod 

Quantum-Invariants: 

M compact, oriented 3-manifold with dM = 0. 
[Reshetikhin, Turaev] V|^(M) G C w/ V^^ {S^) = 1. 
[Murakami, Masbaum, Roberts] V^{M) G Z[(p]. 
[Ohtsuki] For Pi{M) = have \f{M) G Z[i, . . . , ^] 

W = E (M)(Cp - 1)^- + OiiCp - 1) V) . 

j=0 

[Murakami] Xcasson = 6Af 
TQFT: 

[Atiyah] TQFT = Functor V : Cob — ^ R - mod 
[Reshetikhin, Turaev] Constructions V^-^ for R = C. 
[Gilmer] For R = for "grounded" cobordisms. 

[K] For R = ZfCs] "half-projective" TQFT. Basis. 



Topological Quantum Field Theory: 

Cobordisms: dM = d'^M U w/ homeom. 

: d'^M S± to model surfaces. 
Homeom. class [M, ■0='=] : E_ — > S+ (+Pramings). 



Category Cob: Composition by "Gluing" over surfaces. 

TQFT Functor: Assigns V(i;) G R - mod and for 
M : S_ ^ S+ have V(M) G i/omR(V(S_), V(S+)). 

[K] "Half-Projective" : V{NoM) = x'^^^'^) V(A^)V(M) 

with fi{N,M) = rk{Hi{NoM) Ho{MnN)), x G R 

Ordinary Composition: x = 1. 

Mapping Class Group Representation: 




(1) 



Main Question: 

What is the TQFT content of the ? 

Expansions {M) = ^V^J(M)y^' for MeCoh 

3 

Via Z[Q ^ ¥p[Q ^ Fp[y]/yP-i 
w/ Fp = Z/pZ and y = Cp — 1 

Applications & Remcirks: 

• Computations via TQFT-techniques 
(Heegaard splits, Mapping tori, Seifert spaces, ...) 

• Extensions of to /?i(M) > 0. 
(Reidemeister Torsion vs. Casson Invariant) 

k 

• Filtration Mp,k = f] ker(v^ ^ ) of mapping 

? 

class group Fg Other (f.t.) Filtrations. 

• Dependence on dim(y^ (T,g)) ~ p^(s-i) if^ > i 

^ NO fixed universal TQFT ! 

• Even for FIXED p, operators VpJ{M) over ¥p are 
NOT liftable to Z[. . .] as TQFT's. 



Some Results - Overview: 

General primes p>5: 

• Construct Family of irreducible TQFT's over Fp 

Vp'^ {Up^^) for p odd prime and < < 3) . 

• Resolutions ^ V^p^ ^ ^ ^ ^"^'^ ^ . . . 
into Z-liftable TQFT's V^-^^ 

• Image of Alexander Polynomial Ap^^(M) G Fp[(p] 
from traces over V^"^' of covering cobordism. 

• Similar results for p-modular Sn representations. 

Fibonacci Case p = 5: 

• = half-projective, with x = — (^^^ G '^[Cb]- 

• Identification: V^^ = 

• 2^5^^{M) = det{ker{x)) + 3yV^^iM) + 0(y3) 

• cut{M) < 05 (M) (joint w/ Gilmer) 

r^A £ A^-ffi(Sg), Cfe fc-th bounding curve; G F^; 
D{C) Dehn twist @ C; Heegaard glue; = Pfc. 

• A^mod5 are finite type, = det{Hi{M)), ... 



The Alexander Polynomial: 



i 

M 



M = compact, oriented, /3i(M) > 



X ■■ Hi{M) 



Z epimorphism 



cyclic covering. 



iJi(M^,Z) is Z[t,i-i]-module: t by Deck transf. 
Definition: A^(M) G Z[i,t-^] as follows 

• Maximal such that Ei{Hi{M^)) C A^{M)'L[t,t-^] 



Thm [Milnor, Turaev] Let r^{M) Reidemeister Torsion: 



lidM^m then r^{M) = [t - 1)"^A^(M) 
If 5M = then r^(M) = {t - 1)"^A^(M) 
Remarks: 

• For knot K: Mk = - N{K) and Hi{Mk) = Z. 

• Multivariable A(M) G Zfii"f''(M)l 



• A^(l) = det{ker{x)) w/ det(iJ) = \ elsewise 

• A^ = if X : 7ri(M) Z * Z ^ Z. 

• Ap(5^ X Sg) = (t + 1"^ - 2)3 ... dependence on x! 

• Thm [Meng, Taubes, Hutchings, Lee, Turaev, ...] 
Seiberg- Witten Invariant = (refined) Torsion. 



• (iet(>l(t)) if ^(t) is nxn-present. matrix of ifi(Af;^). 

• Choose symmetric (by P.D.) =^ Unique up to sign. 




H\ if < (X) 



TQFT's from Jacobians: 

V^^(S) = i/*(i/om(7ri(S), [/(!))) ^ A*i7i(S) 



Thm [Frohman, Nicas]: Extends to TQFT 
Vi^ : Cob — > Z-mod 

• Z/ 2Z-projectivity / framing-dependence. 

• Half-pro jective with x = 0. 

• Tg Sp{2g, Z) Representation. 

• Vi^{M) = det{Hi{M,Z)) for dM = $. 
Let S C M 2-sided, oriented surface, dual to x G H^{M) 

Thm [F,N] Set Cs = (M - iV(E)) : S — > T, in Cob. 



Thm [K] Vi^ ^ yHennings ^ J ^ 2/2Z K A^M^ 



[K] Extension of Alexander-Conway Calculus to 
3-manifolds presented by Surgery. 



• [F,N] TQFT's via IH^ of P SU {n)-Mod\i\i Spaces. 

• [Donaldson] TQFT's via connections on non-trivial 
S'0(3)-bundle (Casson-type) and 5'VF(voretx)-equations. 




Note: 



Hard Lefschetz Decomposition: 

Jacobians are Kahler Inner product on /^Hi{T,). 

Symplectic 2-form a; = Yli^^i^^i ^ A^-f^i(S). 
s[(2, Z)- Action: E, F, H generators act on A*i^i(S) as 
Hx = {deg{x) - g)x, Ex = xAco, F = E*. 

rru DUAL on V^^(Sg) 

Thm: 5^(2, Z) < Sp{2g,Z) 
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hence A*i/i(Sg) = Ffe W^.fe 

fc=i 

where is k — dim irred. 512-inodule. 

g-k+l 

Wg^k is irred. Sp{2g, Z)-module; h.w. Wg^k = ^ 

i=l 

oo 

Thm[K]: V|'^^^ = ® V^'^ 

fc=i 

• V^^ is irred. TQFT and V^\^g) = for A; > 5 + 



fc=i 



where [n]g = t ■ 

q-q ^ 



Fp = Z/pZ- Reductions & Reducibility: 

Let p > 3 be prime and Vp the Fp-reduction of . 

Inherits inner form ( , )p : V^^\y.) (g) V^^\y.) — > ¥p 

Note! Forms ( , )p degenerate =^ the Vp"'"' are Reducible! 
Example: 

Let V = El -p{ai Abi) =uj - p{ai A bi) G A^i?i(Sp). 
Have Fv=p-p = Oso that v € ker{F) = V^P-^\T,p). 
For arbitrary w G V^P~^^T,p) find 
{v, w)p = {El, w)p - {p{ai A bi),w)p = 

= (1, Fw)p - p{{ai A bi),w)p = 0. 
Note also: 



so ^ : V?+^^(Sp) ^ vi*'~^^(Sp) well defined! 



Thm [K]: For j = kmodp with < k < p have 
: V^^) — > V^^-^^) well defined. 
All E'' ^0 and = in p-Reduction. 
=^ Complex: For any k with < k < p have 



Denote: Vp the subquotient by ( , )p-Null space. 



C{p,k) 









Resolutions via Symmetric groups: 



Thm [K] The sequences C{p, k) are exact. 

The Vjf^ are irreducible with, resolutions C{p,k). 

Proof: Sp{2g, Z)-weight spaces W^^^ {g, A) C V^^) (Sg) 
with A = Ei-^iSi with \j G {-1,0,1} 
Let iV(A) = {i:Xi = 0} and n(A) = |iV(A)|. 
Via Weyl Group S^^x) ^-cts on yV^^\g, A) by permut. N{X). 

Lem: W^\g,X) ^ Specht-Mod. (5„(A)-module) 

with 2-row 
Young Diagram 
(n(A) boxes) ^ 



=^ Complex of p-modular S^-reps. 

...^sp ^ ... ^ Sp''"-'' ^ ^ 

Jordan Holder (Composition) Series: 

C Mo C Ml C . . . C Mrn-l C Mrn = 

All Ri = / Mi 7^ and irreducible 

Write Rq\Ri\. . . \Rrn-i\Rm and T{S^) = {Ri}. 

Thm [James] The "Dp are irreducible. 

T{Sp') = {Vl'+^' : / > and / C j + 21} 
All multiplicities one or zero. 
... not enough ... 



Exactness via Modular Ordering: 

Partial Order on J^{Sp) (w/ mult=0,l) defined by 
R<R' iff Ro\...\R\...\R'\...\Rm VJH-Series. 

Thm [Kleshchev, Sheth, '99] 

Determine < for 2-row Young diagrams r and p > 3: 

(^(5p),>) '^inclusion structure" 
w/ maximal clement. 

Cor [K] Modular structure of maps in C(p, k) 




(2) 

with T{Yi) = T{Xi). 

EXACTNESS. ■ 



Thm [K] Image of Alexander Polynomial wrt. t ^ ^Cp'- 

_ p-i _ 

fe=i 



Johnson-Morita Extension: 



Torelli Group: 



Sp{2g,Z) ^ 



Boundary Group: JCg smallest normal containing 
k holes 

Thm [Johnson, Morita] 3 Homomorphsims (//=//i(Eg,Z)) 







K,n 



^ 9 

u 



1; 

2 H 



Sp(.2g,Z) 







r2 



U 
H 



-g -^g 

Let g*Jg = J for £/ G Sp{2g, Z) and let x G A^i?. 
Define /i(x) : Nh N~^H by {a,n{x)b) = {{Jx)Aa,b). 



Lem [K] /j, factors into Sp{2g, Z)-covariant map 
. Hom(Vi'\j:,),Vi'^'\E,)) 



a ■ 



Thm [K] For < k < p - 3 obtain ^g j j^^-module 



by matrix 
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iJ'{x)g g 



Summary of TQFT Constructions: 



5[2-Lefschctz 
Decomposition 



p-Reduction 



V£'^ JacobianTQFT 

Fully reducible over Z 
{Permutation Modules) 



(fe) 



Lefschetz Component, 
irreducible over Z 
{Specht Modules S^^) 



Null space quotient 



{k) 



Reducible over ¥p 
with inner form. 



ip-Specht Modules S^^) 



Johnson-Morita 
Extension 



Irreducible over F. 



p- 



Not Z-liftable, but 
resolutions in Vp ^'s 



{Simple Sn-modules Vp 



~(k) 

Up Indecomposable with 

two factors and V^'^^^ 



The Fibonacci TQFT: 

C5 has two "colors" (simple objects) , namely 1 and p 

with p® p = 1 © p and 1 = unit. 
RT-Vectorspace : over Q [^5] 

V^^iJ^g) = Invc,{F^<^) with F = 1 © (p ® p). 
Fork basis: Example g = 10 (l^dotted; p solid) 

U V V J V U V u 



Minimal Modules: 

6p(S) = Z[Cp] - span of {V^^{M)n : M : ^ S} 

New Basis: Set x = Cs-Cs"^ and D = -(Cf+Cg"^^ 



assign: 



■>5 J- 

u= [J I . • • •. I 

Y «-y{U-'^ k ; ) 

and rescale with 2 J obtain new 

=^ basis vectors {{[Y, W, U, Y, Y] [W] [Y, U, Y] [U])) 

denote: V^g(S) the ^[(5] -span of these. 

Thm [K] 

3i half -projective TQFT V^^ with parameter x and 
vectors spaces ^Cs^^-' ~ ®5(^) 

Proof: Explicit computation of Cob-generators. 



Identification of F5 Reductions: 

Denote: V0 5 the Z[^5] ^ F5 reduction of V^^ . 
Recall: With 0<fc = l<p — 3 = 2 have construction 

. . . guess what . . . 



Thm [K] U 



(1) 



Elements of Proof- 
Middle dim in A (flj, bi) 
^ even # of Y's 

^ a,; A h 



(over F5). 

ai U and bi W . 
y(^) ^ odd# of y's 



Map 




to y-pair in z-th and j-th position ( ^ ^ j 

Resolve via T.L.-Recoupling theory into fork-tree gadget. 

Dimensions: Fibonacci #'s : fn+i = fn + fn-i 
(with /o = , /i = 1, /2 = 1, /3 = 2, . . . ) 

For even dim(Vo,5(Sg)) = fg-i ■ ■ ■ 

=^ From Resolution of S'„-[Ryba]-reps. =^ 

f2r = c(2r,r-l)-c(2r,r-3) + c(2r,r-6)-c(2r,r-8)+ 
+c(2r, r - 11) - c(2r, r - 13) + c(2r, r - 16) - . . . 

Catalan #'s: c(n,i) = (p - (.^J. 



Applications of Fibonacci Identification: 

• 2a+5(M) = dim{ker{x)) - xV^^(M) + 0{x^). 

follows from character formula for A^p(M), and 
V^^(M) = X • trace{V^{C^) and Thm. 

Note ^ that if /?i(M) > 1 have 
Thm[K] ^x.s^-^) is independent of % !! 
=^ Constraints on 3-manifold groups. 
If 5M = then V^^{M) = det{Hi{M)) + 0(x). 
(= Invariant of V^^-* and vacua lie in V*-^-*) 

The mod 5 are of finite type (known [Kricker]). 
Different Proof :Pick element in augmentation ideal u G 
IIo ■ Represented by in ? x !! + x • End. 

" t,5 1^ ^(U) J 

Thus u2 e X • End and u^" e x"* • i^no'. Also v G /Cg 
is represented in x • End so that G x™ • End. 

Hence A^_i = for splittings in {Ilgf"" and (//Cg)™ 
=> finite type by [Gsiroufalidis, Levine]. 

Have V^g(D(Cfc)) = I + xC^Pfc with = p^. 
From D{il}{Ck)) = o D{Ck) o V'^^ we find 
V^^{D{i^{Ck))) = I + x^(^)Pfc^(V')-^ + 0(x2) 
[Murakami] ^ Acasson = 2{n,U{iP)¥kU{iP)-^n) 



Cut-Numbers & Quantum- Orders: 

Define: cut{M) for closed, connected M by 

• Largest A; G N U {0} s/th 3 2-sided S C M 
with 7ro(S) = k but 7ro(M - S) = 1 . 

• Largest m G N U {0} s/th 3 epimorphism 
7ri(M) — » = Z* . ^. *Z onto free group. 

m 

Thm [?] Two definitions are equivalent. 

Note: Pi{M) > cut{M) and 

(3^{M) / 4^ cut{M) / 

Cor [K] Suppose V is half-projective w/ parameter x 
Then V(M) G x^"*(^) • R . 



Proof: Present 

M = AoB 
with 

li{A,B) = cut{M) 



Definition: Let Op{M) largest integer k such that 

Thm [Gilmer, K] cut{M) < 05(M). 

/3i(M) ^ o,{M) 




Thm [Melvin, Cochran] < 



Two Examples [with Gilmer] : 

Example 1 (0-surgery along links): 

Let M{C) be 3-mfid obtained via 0-surgery along C C 

Lem: If jC is boundary then cut{M{C)) = \C\ . 

Denote:B = Ci U C2 U C3 Borromean Link. 

C* the Whitehead Double of a component C. 

B* = CI U C2 U C3, B** = CI U C| U C3, 

Clearly (5i{M{B-)) = 3. Note, that M{B) = {S^Y^ 
so that 7ri(M(^)) = I? and hence cut{M{B)) = 1. 

Moreover, B** is boundary so that cut{M{B**)) = 3. 
What is cut{M{B*)) ? i?^^ 



Example 2 (Mapping Tori): 

For j = 1, . . . , 3 — 1 let .Aj C Sg be homologically 
independent, mutually non-intersecting curves, and Dj = 
D{Aj) the corresponding Dehn twists. 



Note also: 05 (M(,B)) = 1 and 
o^{M{B**)) = 3. 



=^ Answer cut = 2 ! 



Have two surfaces TZ\ and 7?.2 
Compute 05(M(fi*)) = 2 





be the mapping torus with il) = D"^ o . . . o 

Prop: If all Uj ^ mod 5 and 5^0 mod 5, 
then cttt(M(ni, . . . , ng_i)) = g 



Open Problems: 



• Find Z[Cp]-basis for Vj^ for p>7. 
[Gilmer] Basis for 5 = 1 and all p. 

(? w/ [Masbaum] for ^ = 2 ?) 

• Show they're half-projcctive w/ x = ((^p — ^~ . 

• Characterize f (M) = — \ ! Is it bounded? 

^ cut[M) 

When is ^(M) > 3? (Answers by [Sikora]) 

• Identify Fp-reduction Vq^ with and Up^\ 
NoGo Thm: For p>7 cannote be hnear relation. 
Proof: by large 5-asymptotics 

dim{V^p\j:g)) ~ /I and dim{V^^ (J^g)) ~ F/. 
Have /5 = Fg but, e.g., F7 = 2/2 - 7/7 + 7. 
Suggests a form V^^y C V^*^ 

• Is there TQFT for JM-extensions U'p''' ? (By de- 
formations of Jacobian-TQFT or F2 ix A*M2 -theory?) 

• What is structure of Vjp for j > 1 ? 

Deeper structure of Mapping Class Group ... 



Use to find cohomology and characteristic classes 
of Mapping Class Group. 

For Pi{M) > is V(p given by S^(M). How?! 
Relation to Frohman-Nicas-PS'?7(n)-Knot Invariants? 

Which parts of A^^p(M) independent of x? 
Interpretation by Fp-covering, signature defects, etc.? 

What families of algebraic groups can be excluded 
from this as 3-manifold groups ? 

See Vjp as "higher torsion" - invariants ? 
... as > 0" -extensions of Xfl 

Relations to 3D gauge theory (Seiberg Witten, Don- 
aldson) 

Reexpress formulae for Xcasson rnod 5 for Hecgaard 
splits with 5f > 2 in Sp{2g, Z)-invariant-theoretical 
terms. 

Compare to Merita's formulae! 

For g = 2 know Pi explicitly 

precisely reproduce Morita formula, 
(looks a-priori different for g > 2) 

Same for general p . 

Heegaard formulae also for mod p for j > 1 and 
general p. 



